DIFFERENTIAL OPERATORS ON QUANTIZED FLAG 
MANIFOLDS AT ROOTS OF UNITY II 
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Abstract. We formulate a Beilinson-Bernstein type derived equiv- 
alence for a quantized enveloping algebra at a root of 1 as a con- 
jecture. It says that there exists a derived equivalence between 
the category of modules over a quantized enveloping algebra at a 
root of 1 with fixed regular Harish-Chandra central character and 
the category of certain twisted £)-modules on the corresponding 
quantized flag manifold. We show that the proof is reduced to a 
statement about the (derived) global sections of the ring of differ- 
ential operators on the quantized flag manifold. We also give a 
reformulation of the conjecture in terms of the (derived) induction 
functor. 



0. Introduction 

0.1. Let G be a connected, simply-connected simple algebraic group 
over C, and let if be a maximal torus of G. We denote by g and I) the 
Lie algebras of G and H respectively. Let Q and A be the root lattice 
and the weight lattice respectively. Let he be the Coxeter number of 
G. We fix an odd integer i > ho, which is prime to the order of A/Q 
and prime to 3 if g is of type G2, and consider the De Concini-Kac type 
quantized enveloping algebra [/^ at g = C = exp(27r\/^/£). 

In [20] we started the investigation of the corresponding quantized 
flag manifold S^, which is a non-commutative scheme, and the cate- 
gory of D-modules on it. In view of a general philosophy saying that 
quantized objects at roots of 1 resemble ordinary objects in positive 
characteristics, it is natural to pursue analogue of the theory of D- 
modules on the ordinary flag manifolds in positive characteristics due 
to Bezrukavnikov-Mirkovic-Rumynin [3]. Along this line we have es- 
tablished in [2.OJ certain Azumaya properties of the ring of differen- 
tial operators on the quantized flag manifold. The aim of this paper 
is to investigate an analogue of another main point of [1] about the 
Beilinson-Bernstein type derived equivalence. 

0.2. We denote by the "sheaf of rings of differential operators" on 
the quantized flag manifold S^. More generally, for each t & H we have 
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its twisted analogue denoted by I^b^,*. It is obtained as the specializa- 
tion ^dH] C of the universally twisted sheaf with respect to 
the ring homomorphism C[H] — )■ C corresponding to t & H. 

Let B be the ordinary flag manifold for G. Then we have a Frobe- 
nius morphism Fr : ^ B, which is a finite morphism from a non- 
commutative scheme to an ordinary scheme. Taking the direct images 
we obtain sheaves Ft^Vq^-, Fr^Vjs^^t {t G H) of rings on B (in the 
ordinary sense). Denote by ModcohiFr^V^^^t) the category of coher- 
ent Fr^Pg^ ^(-modules. Let ZHar{U(^) be the Harish- Chandra center of 
Uq, and let be the corresponding one-dimensional ZHariU(^)-Ynod\x\e. 
Denote by Mod/(?7|j ®ZHar(U(,) '^t) the category of finitely-generated 
®ZHaT{Uc) Crinodules. Then we have a functor 

Q)) 

between derived categories. It is natural in view of [4j to conjecture that 
(10. ip gives an equivalence if t is regular. By imitating the argument of 
[1] we can show that this is true if we have 

(0.2) RT{B, FuVrs,) = ®z,^auc) C[A]- 

However, we do not know how to prove (10.21) at present, and hence we 
can only state it as a conjecture. We have also a stronger conjecture 

(0.3) RV{B, Fu{Vs,)f) = Uu ®Zu.Auo C[A], 

which is the analogue of (10. 2p regarding the adjoint finite parts (V^^)f, 
Uc^j of Vb^, U(^, respectively. We will give a reformulation of (10. 3p in 
terms of the induction functor (see Conjecture 15.21 below) . It turns out 
that (10. Sp is equivalent to an assertion in Backelin-Kremnizer [3] stated 
to be true except for finitely many £'s. 

It is also an interesting problem to find a formulation which works 
even in the case when the parameter t E H is singular. In the case of Lie 
algebras in positive characteristics Bezrukavnikov-Mirkovic-Rumynin 
[5] have succeeded in giving a more general framework, which works 
even for singular parameter, using partial flag manifolds (quotients of 
G by parabolic subgroups). In their case the parameter space is f)*, 
and one can associate for each G P)* a parabolic subgroup whose Levi 
subgroup is the centralizer of h; however, in our case the centralizer of 
t G H is not necessarily a Levi subgroup of a parabolic subgroup, and 
hence the method in [5] cannot be directly applied to our case. 

0.3. The contents of this paper is as follows. In Section 1 we re- 
call basic facts on quantized enveloping algebras at roots of 1 and the 
corresponding quantized flag manifolds. In Section 2 we investigate 
properties of the category of D-modules. In particular, we show that 
(10. 2p implies (10. ip for regular t's, and (10. 3p implies (10. 2p . In Section 3 
and Section 4 we recall some known results on the representations of 
quantized enveloping algebras and the induction functor respectively. 
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Finally, in Section 5 we give a reformulation of fl0.3p in terms of the 
induction functor. 



1. Quantized flag manifold 
1.1. Quantized enveloping algebras. 



1.1.1. Let G be a connected simply-connected simple algebraic group 
over the complex number field C. We fix Borel subgroups and 
such that H = B+ nB- is a maximal torus of G. Set = 
and A^- = [B-,B-]. We denote the Lie algebras of G, B+, B' , H, 
N~^, N~ by g, b+, b", f), n+, n" respectively. Let A C f)* be the 
root system of (g, fi). We denote by A C f)* and Q C f)* the weight 
lattice and the root lattice respectively. For A G A we denote by 9x 
the corresponding character of H. The coordinate algebra C[H] of H 
is naturally identified the group algebra C[A] = ^xga'^^W 
correspondence 9x -H- e(A) for A G A. We take a system of positive roots 
such that is the sum of weight spaces with weights in U {0}. 
Let {ai}i^i be the set of simple roots, and {zui}i<zi the corresponding 
set of fundamental weights. We denote by A"*" the set of dominant 
integral weights. We set = 0igjZ^o«i- Let W C GL{i)*) be the 
Weyl group. For i E I v^e denote hy Si E W the corresponding simple 
reflection. We take a l^-invariant symmetric bilinear form 

( , ) : f)* X 1^* ^ C 

such that {a, a) = 2 for short roots a. For a G A we set = 
2a/ {a, a). For z G / we fix G g^^, /j G g_Q,^ such that [ej,/J = 
under the identification f) = I)* induced by ( , ). 



1.1.2. For n G Z^q w6 set 

[n]t = j—pr ^ W*' = M^N - i]t ■ ■ ■ W]t e z[t,t-^]. 

We denote by the quantized enveloping algebra over F = Q(g^/I'^/'3I^ 
associated to g. Namely, Uf is the associative algebra over F generated 
by elements 



kx (AG A), aJi (iel) 
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satisfying the relations 

^0 = 1, kxk^, = kx+^ (A,/iGA), 

A^a/.^a ' = (AG A,ze/), 

k- — k~^ 

eifj-fjei = 6ij- {ij e I), 

l-aij 

(l-aij-n) (n) 



5^ (-ire?---Vr^ = {^,JeI,^^J), 

n=0 



n=0 



where = g("i."»)/2^ /j. = /^^^^ = 2(0^, a^) for i,j e I, and 

eS"^ = er/N J, = /r/[n] J 

for i G / and n G Z^q- We will use the Hopf algebra structure of Uj? 
given by 

A{kx) = kx0kx (AG A), 

A(e,) = ei0l + ki(S)ei, A{fi) = fi® kr^ + l®fi (i G /), 

e{kx) = 1, e{ei) = e{fi) = (A G A, z G /), 

S{kx) = kl\ S{ei) = -kr\, S{f,) = -fA (A G A, z G /). 

Define subalgebras U^, , , U^^, U^^ of by 
f/° = (A;a I A G A), f/+ = (e, h G /), ^7,,- = {f, \ t e I), 
f/|° = {kx, Ci I A G A, 2 G /), f/|° = {kx, /, I A G A, i G /). 
The multiplication of induces isomorphisms 



(1.1) 




5f/; = 




(1.2) 








(1.3) 









of F-modules. (11. ip is called the triangular decomposition of Uy- For 
7 G Q we set 

?7±^ = G f/± I V^-M = e A)}. 

Then we have 

7eQ+ 
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For i G / we denote by Tj the automorphism of the algebra f/p given 

by 

Ti{k^) = ks^f, (Ai e A), 

-fih {j = i), 

-k-^ei (j = i) 



Ti{ej) 



(see Lusztig [I5]). Let wq be the longest element of W. We fix a 
reduced expression 

= Sij^ ■ ■ ■ Si^ 

of Wo, and set 

Then we have A+ = | 1 ^ A; ^ A^}. For 1 ^ A; ^ set 
Then {e™^ " " " e™,' | mi, . . . , ttiat ^ 0} (resp. 

{f^N ' ' ' fjh I '^i; ■ • • ; ''^N = 0}) is an F-basis of (resp. U^), called 
the PBW-basis (see Lusztig [E]). We have Cq. = Cj and /a- = /« for 
any i G /. 
Denote by 

(L4) r : f/|° x f/|° ^ F 

the Drinfeld paring. It is characterized as the unique bilinear form 
satisfying 

'T'ix^ym) = (r ® r)(A(x),yi (g) 1/2) (x G f/|°, ?/i,?/2 e f/|°), 
r(xiX2, = (r (g) r)(x2 ® Xi, A(?/)) (xi, 0:2 G ?/ G f/|°), 
r(A;,,A;^)=g-(^'^) (A,/iGA), 
r(A;A,/i) = r(ei,A;A) = (A G A, i G /), 

^(ei, fj) = Sij/{qi^ - Qi) {iJ G /) 

(see [15], dg). It satisfies the following (see [I5], [H]). 

Lemma 1.1. (i) t{S{x), S{y)) = r(x, y) for x g f/|°, yeuf. 

(ii) For X G U^'^ ,y G f/p° /laue 

7/x= ^ r(x(o),5(?/(o)))r(x(2),i/(2))a;(i)y(i), 

(a:-02,(?/)2 

5Z ^(^(o)'2/(o))^(a;(2),^(2/(2)))y(i)a;(i). 

(iii) r(xfcA, Z/fc^) = g^(^'^V(a;, y) for \, n e A, x E ,y E . 
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is non- degenerate. 



We define an algebra homomorphism 



ad : f/F EndF(f/F) 



by 



ai 



(«) 



1.1.3. We fix an integer £ > 1 satisfying 

(a) i is odd, 

(b) i is prime to 3 if G is of type G2, 

(c) i is prime to \A/Q\, 

and a primitive i-th root C G C of 1. Define a subring A of F by 

A = {/(g^/l^/^l) I fix) G Q(x), / is regular at x = ('}• 

We set C = (C')!^/^!. We note that C is also a primitive £-tli root of 1 
by the condition (c). 

We denote by U^, the A- forms of called the Lusztig form and 
the De Concini-Kac form respectively. Namely, we have 

Ua = {e^\ ft\ kx\iel,me Z;>o, A G A)A-aig C U^, 

Ua = (Ci, fi, kx \ i E I, \ e A)A-alg C Uw. 

We have obviously Ua C U^. The Hopf algebra structure of Uw induces 
Hopf algebra structures over A of and Ua- We set 



ut' = u^nu'^, ui = UAnu'^ 



(b = + 



0,^0,^0), 

(7 e Q+). 



Then we have triangular decompositions 

U^ = U^- ®A Ut' ®A U 



rL,+ 

A 



Ua = U^ ®A U^A ®A U, 

Moreover, we have 



r/^'± - (TS u^'^ U^ - 




7eQ+ 

The Drinfeld paring (11. 4p induces 



(1.5) V : Ui'=' X f/f ^ A 
Lemma 1.2. ad(f/f)(f/A) C Ua- 




rL<0 

A 



A. 
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Proof. It is sufficient to show 

(1.6) ad(A;,)(f/A) C t/A (A G A), 

(1.7) ad(ef^)(f/A) cUa (tel^ne Z^o), 

(1.8) ad(/^("^)(f/A) C f/A {tel,neZ^o). 
The proof of (11.61) is easy and omitted. By the formulas 

ad{x){uv) = ^ ad(a:;(o))(M) ad(x(i))(f) {x G U^, u,v G Ua), 

(x) 

r=0 

n 

r=0 

we have only to show 

(1.9) ad(ef''')(M) G L^a {i e I, n e Z^o, u = kx, ej, fjkj), 

(1.10) ad{ft^)iu) eUa itel,ne Z^o, u = kx, e„ /,). 
For A G A, i, j G / with i ^ j and n G Z>o we have 

/ -t\n n{n—l) /n— 1 \ 

ad(eS"))(A:.) = ^^^j;^ ( IK^J'"' ^ " ^^"^) j 

ad(eS"))(e,) = gr^"+^)/^(g.-g-^)"er\ 

E:Lo(-l)^^^""'^"^^eS"~^)e,er (n < 1 - a.,), 

(n^l-Oij), 

\kf-l)/{q,-q-') (n = l), 

^(_l)n-l^(n-l)(n+2)/2(^^ _ ^-l)n-2,n-1^2 > 

ad(ef))(/,fc,) = 0, 

and hence (II. 9p holds (note that [r]q.\ is invertible in A for r ^ 

The proof of (ll.lUp is similar and omitted. □ 

1.1.4. Let us consider the specialization 

A ^ C (gl/|A/QI ^ ^'). 

Note that q is mapped to C = (C)'"^^*^' ^ ^) which is also a primitive 
£-th root of 1. We set 

= C ®A U^, = C ®A t/A, 

t/^^'^ = C ®A Ut\ Ul = C ®A f/1 (b = +, -, 0, ^ 0, ^ 0), 



ad(eS"))(e,) = 
ad(eS"))(/.A;,) 
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Then Uj^ and are Hopf algebras over C, and we have triangular 
decompositions 

Moreover, we have 

By De Concini-Kac [7j we have the following. 

Lemma 1.3. (i) {ej^ ■■■(^Z' \mi,...,mN ^ 0} {resp. 

■ ■ ■ I mi" . . . , ^ 0}) ts a C-hasis ofU+ {resp. U^). 
(ii) {kx\\e A} IS a C-basts of . 

The Drinfeld parings fll.Sp induce 

(1.11) \ : U^'=' X f/f ^ C, : f/f x U^'=' ^ C. 

Moreover, we have the following (see |20i Lemma 1.5]). 

Proposition 1.4. For any 7 G the restrictions of ^tq and to 

u^;:^ X f/-_^ ^ c, f/^;^ X u^;:^ ^ c 

respectively are non- degenerate. 



By Lemma 11.21 we have an algebra homomorphism 

ad : Endc(f/c). 

In general for a Lie algebra s we denote its enveloping algebra by 
U{s). We denote by 

(1.12) vr : f/f ^ U{q) 

Lusztig's Frobenius homomorphism ([14J). Namely vr is the C-algebra 
homomorphism given by 

[0 (£ /m), [0 {i /m), 

for 2 G /, m G Z^Q; A G A. Here, e-"^ = e"/n!, Z^^"'' = ~fi /n\ for i G / 
and n G Z^o- Then vr is a homomorphism of Hopf algebras. 

We recall the description of the center Z{U(^) of the algebra f/^ due 
to De Concini-Kac [7J and De Concini-Procesi [8j. Denote by Z{Ur) 
the center of Uf, and define a subalgebra ZnariUc) of Z{U(^) by 

^/fa.(t/c) = Im(Z(f/]F) n f/A ^ t/c). 

We define a shifted action of W on the group algebra C[A] = 0;)^g^ Ce(A) 
of A by 

(1.13) w o e(A) = C^'^^-^^P^eiwX) {weW,Xe A). 
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Let 

(1.14) L : ZuariUd ^ C[A] 
be the composite of 

ZHar{Uc) ^Uc = ® f/J ® U+ f/° ^ C[A], 

where = C[A] is given by k\ ^ e(A). Then by [7] t is an injective 
algebra homomorphism with image 

C[2A]^° = {/ G C[2A] \wof = f (Vw G VT)}. 

In particular, we have an isomorphism 

(1.15) ZHarm ^ C[2A]^° 

of C-algebras. By [7] the elements 

e/, //, kn (/3gA+, AgA) 

are central in U(^. Let ZFr{U(^) be the subalgebra of [/^ generated by 
them. It is a Hopf subalgebra of U(^. Define an algebraic subgroup K 

of B+ X B- by 

K = {{gh,g'h-') \ heH,geN+,g'e N'}. 
By [S] we have an isomorphism 

(1.16) ZpriUi;) = C[K] 

of Hopf algebras. We refer the reader to for the explicit description 
of the isomorphism (11.161) . By [S] Z{U(^) is generated by ZpriUo) and 
ZuariUc)- Moreover, we have an isomorphism 

Z{Uc) = ZHariUo) ®ZHar{Ui^)nZMUc) ZpriU^) (^1^2 ^ ^1 ® Z2) 

of algebras. 

1.2. Sheaves on quantized flag manifolds. 

1.2.1. We denote by Cp the subspace of = }iom^{Uf,¥) spanned 
by the matrix coefficients of finite-dimensional f/p-inodules of type 1 in 
the sense of Lusztig, and denote by 

(1.17) (, ) :CFxf/]F^F 

the canonical paring. Then Cf is endowed with a Hopf algebra struc- 
ture dual to Uf via (11.171) . We have a [/F-bimodule structure of Cp 
given by 

{Ui- LP ■ U2, U) = {if, U2UU1) (if G Cf, U, Ml, U2 G Uf). 

Define a A-graded ring Af = @x€A+ 

Af = {v? G Cf I v^- /i = (iel)}, 
Ar{X) = {y^ e Af \ ^ ■ = g^'^'^V (/^ e A)}. 
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Note that Af is a left f/F-submodule of C^. For A G A+ and ^ G A we 
set 

A^{X)^ = G A^{X) \k,-if = g^^'^^y.}. 

Then we have 

A^{\)= A^{\)^. 

We define A-forms Ca, Aa, ^a(-^) (A G A+) of Cf, ^f, ^f(A) respec- 
tively by 

Ca = G Cf I (^,f/i') C A}, AA = v4FnCA, Aa(A) = Af(A) n Ca- 

Then Ca is a Hopf algebra over A, and A^ is its A-subalgebra. More- 
over, Ca is a f/f'-bimodule and A^ is its left f/f-submodule. We also 
set Aj^{X)^ = Af{X)^ n Aa for A G A+, ^ G A. 
We set 

Cc = C®aCa, A^ = C®aAa, Ac(A) = C®aAa(A) (A G A+). 

Then C^ is a Hopf algebra over C. Moreover, the [/p-bimodule structure 
of Cf induces a t/^-bimodule structure of C^. For A G A+ and ^ G A 
we set v4^(A)g = C ®a ^a(A)^ Then we have 

A^{X)= Ac(A)e 
We have a natural paring 

(1.18) {,) ■.C(;XU^ ^C. 

induced by fll.l7p . 

1.2.2. For a ring (resp. A-graded ring) 71 we denote by Mod(7?.) (resp. 
ModA(7^) ) the category of 7?.-modules (resp. A-graded left 7?.- modules). 
Assume that we are given a homomorphism j : A ^ B of A-graded 
rings satisfying 

(1.19) j{A{X))B{f,) = B{Mm) (A, ^^e^). 

For M G ModA(5) let Tor(M) be the subset of M consisting of m G M 
such that there exists A G A+ satisfying ]{A[X + ii))m = {0} for any 
/X G A+. Then Tor(M) is a subobject of M in ModA(5) by ffTTgi) . 
We denote by Tot/^+{A, B) the full subcategory of ModA(i?) consisting 
of M G ModA(S) such that Tor(M) = M. Note that TorA+(A,S) 
is closed under taking subquotients and extensions in ModA(-B). Let 
S(y4, B) denote the collection of morphisms / of ModA(-B) such that its 
kernel Ker(/) and its cokernel Coker(/) belong to Toip^+{A^B). Then 
we define an abelian category C{A, B) = ModA(-B)/TorA+(A, B) as the 
localization 

C{A,B) = S(A,5)-iModA(S) 
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of ModA(-B) with respect to the multiphcative system T,{A, B) (see, for 
example, Popescu [TB] for the notion of localization of categories). We 
denote by 

(1.20) u;(A5)* : ModA(S) ^C(A,5) 
the canonical exact functor. It admits a right adjoint 

(1.21) u{A, 5), : C{A, B) ModA(5), 

which is left exact. It is known that u{A,B)* o u{A,B)^ = Id. By 
taking the degree zero part of fll.2ip we obtain a left exact functor 

(1.22) T^A,B) ■■ C{A, B) ^ Mod(5(0)). 

The abelian category C{A, B) has enough injectives, and we have the 
right derived functors 

(1.23) R'T^A,B) ■■ C{A, B) Mod(5(0)) (z e Z) 
of ([L22]). 

We apply the above arguments to the case A = B = A(^. Then 
Tor(M) for M G ModA(^() consists of m G M such that there exists 
A G A+ satisfying A^(A)m = {0} (see [201 Lemma 3.4]). We set 

(1.24) ModiOs^) = C{A^,A^). 

In this case the natural functors (11.201) . fll.2ip . fll.22p are simply de- 
noted as 

(1.25) CO* : ModA(A^) ^ Mod(C»Bj, 

(1.26) : Mod(CBj ^ ModA(A<;), 

(1.27) r : Mod{Oi3^) Mod(C). 

Remark 1.5. In the terminology of non- commutative algebraic ge- 
ometry Mod(CB^) is the category of "quasi-coherent sheaves" on the 
quantized flag manifold which is a "non-commutative projective 
scheme". The notations Oq^ have only symbolical meaning. 

1.2.3. Using Lusztig's Frobenius homomorphism (11.121) we will relate 
the quantized flag manifold with the ordinary flag manifold B = 
B~\G. Taking the dual Hopf algebras in (11.121) we obtain an injective 
homomorphism C[G] — ?■ of Hopf algebras. Moreover, its image is 
contained in the center of (see Lusztig [S]). We will regard C[G] 
as a central Hopf subalgebra of in the following. Setting 

A, G C[G] I ^{ng) = ^{g) {n e , g e G)}, 

A,iX) =W e A, I ifitg) = 9^{tMg) (t E H, g E G)} (A G A+) 

we have a A-graded algebra 

= A,iX). 

AeA+ 
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We have a left G-module structure of Ai given by 

{xip){g) = ip{gx) {ip e Ai,x,g e G). 

In particular, is a f/ (0)-module. Moreover, for each A G A+, Ai{X) is 
a f/(g)-submodule of Ai which is an irreducible highest weight module 
with highest weight A. Regarding C[G] as a subalgebra of we have 

Ai=A^nC[G], Ai{X) = A(;{ex) n C[G]. 

Since the A-graded algebra Ai is the homogeneous coordinate algebra 
of the projective variety B = B^\G, we have an identification 

(1.28) Mod(CB) = C(Ai,Ai) 

of abelian categories, where Mod(CB) denotes the category of quasi- 
coherent Og-modules on the ordinary flag manifold B. We set 

(1.29) LOB, = ujiA^, ^i)* : Mod(Ce) ^ ModA(Ai). 

For A G A we denote by O^iX) G Mod(0B) the invertible G-equivariant 
Og-module corresponding to A. Then under the identification fll.28p 
we have 

0JB*M = T{B, M ®Os Ob{\)) (M g Mod(0B)), 

AeA 

where T{B, ) : Mod((9e) — C is the global section functor for the 
algebraic variety B. In particular, the functor T(^Ai,Ai) '■ Mod^Oe) — >■ 
Mod(C) is identified with r{B, ). 

For a A-graded C- algebra B we define a new A-graded C-algebra B^^^ 

by 

B'^'\X) = B{iX) (AG A). 

Let 

(1.30) ( : ModA(fi) -> ModA(5(^)) 
be the exact functor given by 

M^^\X) = M{iX) (AG A) 

for M G ModA(5). 

We have the following results ( [20] ) • 

Lemma 1.6. Let B be a A-graded C-algebra. Assume that we are given 
a homomorphism j : A(^ ^ B of A-graded C-algebras. We denote by 
y : — 7- B^^^ the induced homomorphism of A-graded C-algebras. 
Assume 

j{A^{X))B{f^) = BiMA^iX)) (A, /i G A), 
y(Ai(A))i?W(/x) = 5W(/x)y(Ai(A)) (A,/i G A). 
Then the exact functor 

( )(^) : ModA(S) ^ ModA(5(^)) 
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(1.31) Fn:CiA^,B) ^CiAuB^'^) 
of abelian categories. Moreover, we have 

(1.32) u{A,, i?W), o Fr, = ( )W o u;{A^, B),. 

Lemma 1.7. Let F he a A-graded C-algebra, and let Ai ^ F be a 
homomorphism of A-graded C-algebras. Assume that lm{Ai — )■ F) 
is central in F. Regard F as an object of ModA(Ai) and consider 
oJqF G Mod((90). Then the multiplication of F induces an Os-algebra 
structure ofu^F, and we have an identification 

(1.33) C{Ai,F) = Mod{uj*^F), 

of abelian categories, where Mod^u^F) denotes the category of quasi- 
coherent u^F-modules. Moreover, under the identification f ll.33|) we 
have 

r(Ai,F)(M) = T{B, M) G Mod(F(0)) (M G Mod(wgF)). 

We define an Cg- algebra Fr^O^^ by 

Fr,Oe,=uj1,{Af). 

We denote by Mod(Fr*C5^) the category of quasi-coherent Fr^O^^- 
modules. By Lemma 11.61 and Lemma 11.71 we have the following. 

Lemma 1.8. We have an equivalence 

Fr, : Mod(CBj ^ Mod{Fr,OB,) 

of abelian categories. Moreover, for M G Mod((9i3^) we have 

R'T{M) ~ R'T{l3,Fr,{M)), 

where T{B, ) : Mod^Oe) — )■ Mod(C) in the right side is the global 
section functor for B. 

2. The category of D-modules 
2.1. Ring of differential operators. 

2.1.1. We define a subalgebra of EndF(A][r) by 

-Df = {t^.r^.du.cfx I G v4f,m G f/p, A G A), 

where 

= ifip, r^(V') = iJ(p, =u-i), aA(V') = g^^'^V 
for ip G Ay{^). In fact we have 

-Dp = {(^ip, du, ax\ ip e Af,u e Uv,X e A) 
by [201 Lemma 4.1]. 
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We have a natural grading 

AeA+ 

D^{\) = {$ G Dp I $(Af(^)) C Af(A + /i) (/i G A)} (A G A) 
of Dp. It is easily checked that 

(u) 

du(y\ =cr\du {u eUw,\e A), 

(Txi^ =q''^'^^i^(Tx (A G A, G Af{fi)). 

Set 

Er = Av^Uy^¥[A]. 

We have a natural F-algebra structure of i?F such that ® 1 ® 1, 
1 ® [/f ® 1, 1 ® 1 ® F[A] are subalgebras of -Ef naturally isomorphic to 
^F, ^F, 1F'[A] respectively and that we have the relations 

=^(m(o) ■ v5)m(i) {u e Uw,ip e A^), 

ue{X) =e{X)u {u eUw,X e A), 

e(A)<^ =g(^''^Ve(A) (A G A, <^ G AF(/i)) 

in £'f. Here, we identify Af ® 1 ® 1, 1 ® ^/f ® 1, 1 ® 1 ® F[A] with Aw, Uw, 
F[A] respectively. Then we have a surjective algebra homomorphism 

(2.1) ^F ^ Dw 

sending ip G A^, u G t/p, e(A) G F[A] (A G A) to C^, d^, <7x respectively. 
Moreover, E]^ has an obvious A-grading so that fl2.ip preserves the 
A-grading. 

2.1.2. Set 

cTxl e Aa,u e Ua,X e A)A-aig c Dp, 
= ® ?7a ® A[A] c Ea. 

They are A-graded A-subalgebras of Dp and ii^p respectively. Again we 
have 

= (^<^, du, ax\ If e Aa,U eUA,X e A)A-alg- 

by [20]. In particular, we have a surjective homomorphism 

-Ea — ^ -Da 

of A-graded algebras. Note that there is a canonical embedding 

Da -> EndA(AA). 



QUANTIZED FLAG MANIFOLDS 15 

2.1.3. We set 

D^ = C®A^A, = C Ej, = ^ ^ C[A]. 

Dc^ is a A-graded C-algebra generated by elements of the form 

du, cTx (v? e At;, uE Uc_, A G A). 
We have a surjective homomorphism 



E^ 



of A-graded C-algebras. 



Lemma 2.1. Let z G Zuar{U(^, and write l{z) = X1aga'^^^2A (ca G 
C). Then we have 

dz = ^CAa-2A- 

AeA 

Proof. This follows from the corresponding statement over F, which 
is given in [IS] □ 

Remark 2.2. The natural algebra homomorphism Dt^ — Endc(^(;) is 
not injective. 

2.1.4. Define an Cg-algebra Ft^Vb^^ by 

We define ZD^^ to be the central subalgebra of D^^^ generated by the 
elements of the form 

du, (Tx eAi, ue ZpriU^), A g A), 



and set 



Z^=ujBZDf\ 



It is a central subalgebra of Fr^T>B^ . Define a subvariety V oiB^KxH 

by 

V = {{B-g, k,t) e B X K X H \ gK{k)g~^ G t^^N~}, 
where k : — )■ G is given by K{ki, ^2) = kik^^- We denote by 

the projection. Now we can state the main results of [20] . 



Theorem 2.3 ([20]). The Ojs-algebra Zc^ is naturally isomorphic to 
Pv*Ov- 

Define an Oy-algebra Vq^ by 

Vb, = Py'Fr^VB^ ®p^'pv,Ov ^v- 



Theorem 2.4 ([20]). T>b^ is an Azumaya algebra of rank 
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Define 

6 -.V K Xh/w H 

by 6{B~ g, k,t) = {k,t), where K — )■ H/W is given by k ^ [h] where 
h is an element of H conjugate to the semisimple part of K{k), and 
H H/W is given by t k-)- [t^^]. 

Theorem 2.5 (t20j). For any {k,t) e K ^h/w H, the restriction of 
Vb^ to S-^{k,t) is a split Azumaya algebra. 

2.2. Category of /^-modules. We define an abehan category Mod(Pe^) 

by 

Mod(I?i5,)=C(Ac,Dc). 
By Lemma 11.61 and Lemma 11.71 we have an equivalence 

(2.2) Fr, : Uod{VB^) Mod(Fr,I)eJ 

of abelian categories, where Mod(Fr*'DB^) denotes the category of 
quasi-coherent Fr^,D/3^ -modules. Moreover, for M G Mod('Dg^) we 
have 

(2.3) RVi^A^M^) = R'^{}3,Fr,{M)) e Mod(Dc(0))' 

where T{B, ) in the right side is the global section functor for the 
ordinary flag variety B. 

For t ^ H we define an abelian category Mod{VB^ t) by 

Mod{VB„t) = ModA,t(/^c)/(ModA,i(Z}c) nTorA+(A^,D^)), 

where ModA,f(D^) is the full subcategory of ModA(-D^) consisting of 
M e ModA(£'c) so that (Ta|m(m) = Ox{t)C^^'^^ id for any A,/i e A. Then 
we can regard Mod(Pe^,t) as a full subcategory of Mod{VB^) (see [T9|, 
Lemma 4.6]). Set 

Fr^VB^,t = Ft^Vb^ ®c[A] Q, 

where denotes the one-dimensional C[A]-module given by e(A) t— )• 
9x(t) for A G A. The equivalence 02.21) induces the equivalence 

(2.4) Fr, : Mod{VB^^t) Mod{Fr,VB^^t), 

where Mod{Fr^VB(^,t) denotes the category of quasi- coherent Fr^VB^^t- 
modules. In particular, for M G Mod(T'e^^i) we have 

RT^A^Doi^) = R'^{B,FrM) G Mod(Dc,t(0)). 
where D^,{0) = /^cW/ Eaea ^c(0)(^a - 0,(1)). 
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2.3. Conjecture. By Lemma 12.11 the natural algebra homomorphism 

®c C[A] ^ I^c(O) 

factors through 

f^C®ZH„.(i/c)C[A]^/^c(0), 

where Zuar-iUc) is identified with C[2A]^° by fll.lSp . Hence we have a 
natural algebra homomorphism 

(2.5) f/c ®Zu^AUO C[A] ^ V{B,Fr,Vs,). 

For t ^ H we denote by the one-dimensional C[A]-module given by 
e{X)v = 6\{t)v {v G Cf). Then (12.51) induces an algebra homomorphism 

(2.6) ®z,^AU0 ^ r{B, FnVs„t), 

where Ct is regarded as a ZHar{U(;)-'i^odu\e by ZHar{U(^) = C[2A]^° C 
C[A]. Denote by he the Coxeter number for G. 

Conjecture 2.6. Assume i > ho- The algebra homomorphism (12. 5p 
is an isomorphism, and we have 

RT{B,Fr,Vts^) =0 

for i 0. 

Proposition 2.7. Let i > ho, and assume that Conjecture \2M is 
valid. Then for t E H we have 

and 

Rr{B,Fr,VB^,t) = {^^0). 

Proof. Define / : V — ?■ to be the composite of the embedding 
V BxKxH and the projection BxKxH — H onto the third factor. 
Since py is an affine morphism, we have Rp\>S^B^ = Pv*T^Bq = Fr^V^^ . 
Hence we have 

Ui®k.riuo^\^] = Uc®z„.AUO^[^] = Rr{B,Fr,Vs,) = RTiV,Vrs,)- 

Here we used the fact that C[A] is a free ZHar{U^)-'^odu\e (see Stein- 
berg [I7|). Denote by Of the C//-module corresponding to the C[A]- 
module C^. Similarly we have 

Fr^Vts^^t = Pv*iT>i3^ ®c[A] Q) = Rpv*iT>B^ ®c[A] Q)- 
Since / is fiat, we have Lf*Ot = f*Ot- Hence by Theorem 12.41 we have 

Vb, ®^Oy Lf*Ot = Vb, f*Ot = Vb, ®Ov rOt. 
It follows that 

Fr.VB^^t = Rpv*{f>B, Lf*Ot) = Rpv.iVB,) ®^o„ Ot. 
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Hence we have 

RT{B,FuVB,,t) = RT{H,RU{Vb^ irOt)) 
=RT{H, Rf^Vs, 8)^^ Ot) = RT{H, R^Vb,) 
=RT{V,Vb,) Q = f/c C[A] ®^[^] Q 

□ 

2.4. Derived Beilinson-Bernstein equivalence. We show that Con- 
jecture [2]6] imp hes a variant of the Beilinson-Bernstein equivalence for 
derived categories. 

Recall that we have an identification 

ZnariUc) = C[2A]^° c C[2A] c C[A]. 

Recall also that we identify C[A] with the coordinate algebra C[H] of 
H. Set = H/KeT{H 3 t ^ t'^ E H), and let tc : H ^ if^^) 
the canonical homomorphism. Then we have a natural identification 
C[i7(2)] = c[2A] so that vr* : C[iy(2)] ^ c[H] is identified with the 
inclusion C[2A] C C[A]. Denote the isomorphism H = H^'^'> corre- 
sponding to C[A] 3 e(A) ^ e(2A) G C[2A] by t ^ t^^^. Then we have 
Ti{t) = (^2)1/2. The shifted action (fTTSD of W on C[2A] induces an 
action of W on H^'^^ given by 

where E H is given by 0^{t2p) = ("^^^^'P^ for any yU G A (note that 
2(yU, p) G Z), and ZuariPc) is regarded as the coordinate algebra of the 
quotient variety (iyo)\if(2). For t E H we denote by ^ C[A] — t- C 
the corresponding algebra homomorphism. By the above argument we 
have 

We say that t E H is regular if 

{wEW\wo{t'Y/' = {t'Y/'} = {i}. 

We denote by Mod.ohiFnVe^^t) (resp. Mod/(f/c ®Zh..(i/c) ^t)) the 
category of coherent Fr^Dg^ ^-modules (resp. finitely generated U^^ZnaAUc) 
Cf-modules). We also denote by Modco/i,t(i^?"*2^B^) (resp. Mod/_t([/^)) 
the category of coherent Fr^D^^ -modules (resp. finitely-generated Uq- 
modules) killed by some power of the maximal ideal of C[A] (resp. 
ZHar{U(^)) corresponding to t E H. 

Theorem 2.8. Let i > he, and assume that Conjecture \2.6\ is valid. 
If t E H is regular, then the natural functors 

RTi : D\Mod,ohAFr.VB,,t)) ^ /^'(Mod/,i(f/c)), 

Q)) 
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give equivalences of derived categories. 

The proof of this result is completely similar to that of the corre- 
sponding fact for Lie algebras in positive characteristics given in 
We only give below an outline of it. First note the following. 

Proposition 2.9 (Brown-Goodearl [6j). has finite homological di- 
mension. 

The functors 

RTt : D-{Mod,oh{Fr,Vt3„t)) ^ /^-(Mod/(f/c 0z„^,^(uo ^t)) 
have left adjoints 

Ct : D-(Mod/([/c ®ZhMUc) CO) ^ D-iMod,ohiFr,Vis^A). 

Arguing exactly as in |31 3.3, 3.4] using Theorem 12.41 and Proposition 
12.91 we obtain the following. 

Proposition 2.10. (i) If t is regular, the adjunction morphism 
Id — )■ RT^ o is an isomorphism on D^iModj^U^)) . 
(ii) For any t, the adjunction morphism Id — )■ RTf o Ct is an iso- 
morphism on D-(Modf{U^ ^ZaaAUc) ^t))- 

Arguing exactly as in [4, 3.5] using Theorem 12. 4^ Proposition I2.1UI 
and Lemma 12.111 below we obtain Theorem 12.81 Details are omitted. 

Lemma 2.11 ([21J). The variety V is a symplectic manifold. 

2.5. Finite part. 

2.5.1. In ^20j we also introduced a quotient algebra of -E^, which 
is closely related to D^. Let us recall its definition. Take bases {xp}p, 
{yp]p, {Xp}p, {yp}p of U^, U^, U^'^, respectively such that 

We assume that 

^p ^ ^c^p' yp ^ ^c-/3p' ^p ^ ^c/i' yp ^ ^c,-/3p 

for /3p G g+. 

For v9 G Ac_{\)(. with A G A+, ^ G A we set 

p 
p 
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We extend Q' to whole by linearity. Then D'^ is defined by 
We have a sequence 

of surjective homomorphisms of A-graded algebras. Moreover, D'^ — )■ 
induces an isomorphism 

(2.7) uj*D'^ = u*D( 
in Mod(C>Bj (see [201 Corollary 6.6]). 

2.5.2. We set 

AgA 

Then we see easily the following. 

Lemma 2.12. f/F,o is an ad{U]ff) -stable subalgebra ofU^. 
Set 

(2.8) U^j = {u eU^ \ dimad(t/F)(M) < oo}. 



Then f/pj is a subalgebra of 1/^- Moreover, by Joseph-Letzter [12] we 
have 

(2.9) f/Fj = J2 ad(f/F)(A;-2A), 

and hence Urj is a subalgebra of f/F,<>- f^F,c> [/fj are not Hopf 
subalgebras of 11^; nevertheless, they satisfy the following. 

Lemma 2.13. We have 

A([/fj) C t/F ® f/FJ, A(;7f,^) C f/F ® f/F,^. 

Proof. For u e Uf and A G A+ we have 

A(ad(M)(A;_2A)) = ^ A(u(o)/i;-2A(5'n(i)) 

= ^M(0)^-2a(5'M(3)) (g) M(i)A;_2a(5'M(2)) 

= U(o)k-2\iSu(2)) ® ad(u(i))(A;_2A)- 

Hence the first formula follows from (12. 9p . Since [/f,o is generated by 
Ci, Sfi ioT i E I and A;2A for A G A, the second formula is a consequence 
of the fact that A(ei), A{Sfi), A{k2x) belong to f/p ® f/p,^. □ 
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We set 

Er^^ = ® Uw,^ ®¥[A]c Ev, 

Eyj = ® Ufj ® F[A] C ^F- 

By Lemma [2.131 they are subalgebras of Ef. 
We set 

Ko = ul<, n t/A = Ahx, f/A,^ = u^,o n f/A = SiuM,oUl, 

AeA 

Uaj = f^A n Urj, 
and 

^A,^ = ^A n Ef^^ = Aa ® Ua,<^ ® A[A] C Ef,^, 
Ea,/ = ^a n Efj = Aa ® f/Aj ® A[A] C Efj, 
We also set 

^C,^ = C ®A ^A,^ = ® f/c,^ (g) C[A] C 
E^j = C ®A ^Aj = ® ?7c,/ ®C[A]cE^, 



and 



By 



we obtain 

(2.10) = E^,^/ J2 A^n'i^)U^MAl 

(2.11) D'^ = Dl^®u,,^U^. 

2.5.3. Since is a free f/^^^-module, we have 

for any z G Z. Since f/^,^ is a locahzation of f/(^j with respect to the 
Ore subset {k_2\ \ A G A+}, we have 

KT{uj*Dl^) = Rr{uj*Dlf) ^u,j f/c,^ 
for any i G Z. It follows that 

(2.12) KT{u*D'^) = R'r{u*Dlf) ®u,j 
for any i E'L. Note 

by Lemma [1.81 and (12.71) . Hence Conjecture 12.61 is a consequence of the 
following stronger conjecture. 
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Conjecture 2.14. Assume I > he- We have 
and 

R'r{u*D[j) = 

for i ^ 0. 

In the rest of this paper we give a reformulation of Conjecture 12.141 
in terms of the induction functor. 

3. Representations 

3.1. For simphcity we introduce a new notation = S{Uy)- Then 
we have = {fi \ i E I), where = fiki for i E I. Moreover, setting 

t/jpT^ = {uE I k^uk^^ = q^^'^'^u {^l E ^)} 

for 7 G Q we have 

= U^,-,^ f/^-_, = f/p-_,A;, (7 E g+). 
7eQ+ 

We also set 

?7c = C®At/A, t/c,-^ = C ®A t/A,-7 (7eg+). 

Then we have 

7GQ+ 7GQ+ 

3.2. For A G A we define an algebra homomorphism x\ '■ Uf ^ ¥ hj 
Xxik^) = q'^^'^'^ (/i G A). For M E Mod{Uv) and A G A we set 

Mx = {mE M \ hm = Xx^m {h E f/p)}. 

For A G A we define M+,f(A), M_,f(A) G Mod{Uf) by 

M+,f(A) =[/f/ ^ U^iy - e{y)) + U^ih - XA(/i)), 
M_,f(A) =[/f/ ^ ?7F(a; - e{x)) + ?7f(/i - xx{h)). 

M+_f(A) is a lowest weight module with lowest weight A, and M__f(A) is 
a highest weight module with highest weight A. We have isomorphisms 

M+,f(A) = (u ^ u), M_,f(A) = f/p (?I ^ u) 

of F-modules. Moreover, we have weight space decompositions 

M+,f(A)= © M+,f(A)^, M_,f(A)= © M_,f(A)^. 
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For A G A+ we define L+j{-X), L_^^{\) G Modf{Uf) by 

L+,,(-A) =f/F/ Yl U,iy - eiy)) + J2 U,{h - X-xW) + J2UFef''''^^^'\, 
yeui h€U§ iei 

l_,f(a) =f/F/ J2 ^^(^ - ^(^)) + E - ^^(^)) + E f^F/f '"^'^^'^ 

I/+ f(— A) is a finite-dimensional irreducible lowest weight module with 
lowest weight —A, and L_ ]f (A) is a finite-dimensional irreducible high- 
est weight module with highest weight A. We have weight space de- 
compositions 

/iG-A+Q+ IJ.£X-Q+ 

For A G we have isomorphisms 

L_,,(A) = 5^ {u ^ u) 

i&I 

of vector spaces (Lusztig [13j). 

Let M be a Uf-vnodvle with weight space decomposition M = 0^^^^ 
such that dimM^ < oo for any yU G A. We define a f/F-module M* by 

M* = 0M; C M* = HomF(M,F), 

/tGA 

where the action of Uf is given by 

{um*,m) = {m*,(Su)m) [u G U^^m* G M'^,m G M). 

Here ( , ) : M* x M — )■ F is the natural paring. 
We set 

My{X) = (M^^p(-A))* (A G A), 
LIAtX) = (^t,f(±A))* (A G A+). 
Since L^^f{±X) is irreducible we have 

l;,f(tA) = L±,f(tA) (AgA+). 
We define isomorphisms 

(3.1) <I>A : f/^ ^ M;^f(A), : ^ M:_ip(A) 

of vector spaces by 

{(^x{x),v) =t{x,v) {x eU^,v eU^), 
{^x{y),'S^) = r{u,y) {y eU^,ueU^). 
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Lemma 3.1. (i) The U^-module structure o/M^p(A) is given by 



(3.2) h ■ <I>a(x) = XA+-y(/i)<f a(x) (x G f/+^, /i e f/°), 

(3.3) v-^x{x) = ^t{x^o),Sv)(!>x{x^i)) {x eU^,v eU^), 

(x) 

(3.4) u ■ ^x{x) = ^x{k-x{8.d{u){kxxkx))k^x) {x G , u G U^). 
(ii) r/ie Uf -module structure o/M* ]p.(A) zs g'wen 

(3.5) h-^x{y) = xx-j{h)'^x{y) {yeU^^_^,heU^), 

(3.6) m-^a(z/) = 5^r(M,y(o))^A(l/(i)) (z/G f7]fr,MG f/p+), 

iy) 

(3.7) • ^a(i/) = ^xikxiadiv)ik_xyk-x))kx) {y G t/p-, v G f/,r). 

Proof. We will only prove (i). The proof of (ii) is similar and omitted. 

Note that for x G , a & Uf, v E we have 



{a-^x{x),v) = {^x{x),iSa)v). 
Let us show (13.21) . For v G Uf_s we have 



{h ■ ^x{x),v) = {^x{x), {Sh)v) = 5.,s{^x{x), iSh)v) 
=5'y,sX\+jih){^xix),v) = xx+yih){^xix),v). 

Hence holds. Let us next show (13. 3p . For v G Up we have 

(y- $a(x),U) = {^x{x),{Sy)v) = T{x,{Sy)v) = ^ r(x(o), %)r(x(i), t;) 

(x) 

Hence (13. 3p also holds. Let us finally show (13. 4p . We may assume that 
u G for some /3 G Q^. Then we can write 

Au = J2 Ujk^'.'^u'j (/3„ G Q+, = /3, G ?7p+^^,, G ). 
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For G f/jp. we have 



{u-^xix),v) = ($a(x), {Su)v) 

= ^ T{SU(^2),V(o))T{SU(^o),Sv^2)){^xix),V(i){SU(^l))) 
{u)2,(v)2 

h{'")2 

= q^^'^'j-'^^\{Su'j,V(^o))r{x,V(^i))T{ujk^>,V(^2)) 

h{'")2 

j 

= {^x{k-x{£id{u){kxxkx))k_x),v). 

Here, we have used Lemma fLTl Note also that Af/jjT c J2^eQ+ U^^i® 

U^_^, and hence 1^211^ C Y.'y,5eQ+ Ufk^i+s ® Uf'_^ks (g) Uf _5. is 
proved. □ 

For A G A we denote by = Flf (resp. = Flf°) the 
one-dimensional f/]^°-module (resp. Uf '^-module) such that = 
X\{h)lf^, = ^('^)1a'' f*^^ h E and u G (resp. /ilf° = 

X\{h)l^ , ul^ = e{u)\^ for h E and u G ^TjT)- 

Note that for any A G A, k_2\U^ (resp. f/]frA;_2A) is ad(t/]f )-stable 
(resp. ad(t/p )-stable). We see easily from Lemma [3?T] the following. 

Lemma 3.2. Let A G A. 

(i) r/ie linear map 

k.2xU+ ^ M;^^(-A) ® Ff (fc_Axfc_A ^ $-A(a;) ® if) 

zs an isomorphism of U^'^ -modules, where k_2\Uf is regarded 

as a Uf -module by the adjoint action. 

(ii) The linear map 

Uik_2x ^ F=° ® M!_f(A) (fc-AyA;_A ^ l"? ® ^A(y)) 

zs an isomorphism of U^^ -modules, where Ufk_2X is regarded 
as a -module by the adjoint action. 

We have an injective [/p-homomorphism 

(3.8) ^;,f(tA) ^ M^iTX) (A G A+). 
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induced by the natural homomorphism Mj. f(=i=A) — Lj. ]p(=i=A). For 
A G A+ we define subspaces U^{X), Uf{\) of U^, respectively by 

f/+(A) = $:i(L;,,(-A)), (A) = ^l\L*_^M). 

Lemma 3.3. (i) For \,fiEA^ we have 

f/+(A) c f/;(A + /i), f/p (A) c t/p (A + /i). 

(ii) We have 

agA+ AeA+ 

Proof. We will only prove the statements for . By definition we 

have t/+(A) = {xe U+ \ r(x, h) = {0}}, where /a = ^f"^"^'"''^^'^- 
Hence (i) is a consequence of /a D /a+/^ for A, G A+. To show (ii) it is 
sufficient to show that for any /3 G there exists some A G A"^ such 
that f/+^ C f//(A). Set m = ht(/3). If A G A+ satisfies (A,a,^) ^ m 

for any i G /, then we have h C 0^gQ+,ht(7)>m ^]f\-7- ^^^"^ ^^^i^ 
obtain T{Ufi^,I\) = {0}, and hence f/j!"^ C U^{X). □ 

Lemma 3.4. For \ e we have 

Proof. By Lemma [3.21 we have an isomorphism 

k-2xU}{\) ^ ^;,f(-A) ® Ff {k^xxk^x ^ $-A(a;) ® if) 
of [/f -modules. We have L\^f{-\) = L+_f(-A) and hence L*^^f{-X) ® 
is generated by $_a(1) ® if a f/f -module. It follows that 

A;-2Af/F+(A) = ad(t/|°)(A;_2A) C f/p,/ 

by (12. 9p . The proof of f/]|r(A)A;_2A C f/pj is similar. □ 

3.3. It is well-known that for A,;U G A such that A 7^ /i there exists 
h G f/^'° such that Xa(^) = 1 and Xf^W = 0. In particular, we have 
Xa 7^ Xfi (see for example [20l Lemma 2.3]). 
For M G Mod(f/f') and A G A we set 

Ma = {m G M I /im = Xx{h)m {h G f/l" °)}. 
For A G A we define M+,a(A), M_,a(A) G Mod(f/^) by 

M+,A(A)=t/^/ E f^A(l/-^(l/))+ E U^ih-Xx{h)), 
M_,4A)=f/^/ E Ut{x-e{x))+ E f/^(/^-XA(/i)). 

By the triangular decomposition we have isomorphisms 

M+,a(A) = ?7^'+ {u<^u), M_,a(A) = f/^'- (u^u) 



QUANTIZED FLAG MANIFOLDS 27 

of A-modules. In particular, M±^ji^{X) is a free A-module and we have 
F(8)a^±,a(A) = M±j{X). Moreover, we have weight space decomposi- 
tions 

M+,a(A)= M+,a(AV, M_,a(A)= M_,a(AV. 

For A e A+ we define L+,a(-A) G Mod(t/i') (resp. L-,a(A) G 
Mod([/^)) to be the [/f-submodule of L^^^{—X) (resp. L_^f(A)) gener- 
ated by 1 G L+^]B-(— A) (resp. 1 G L__]p(A)). By definition i^±,A(=FA) is a 
free A-module and we have F (S)a L±^a{T^) — -^±,f(=FA). Moreover, we 
have weight space decompositions 

L+,a(-A)= L+,a(-A)^, L_,a(A)= L_,a(A)^. 

The canonical surjective t/p-homomorphism M±^f{'^\) — )■ L±^f{'^X) 
induces a surjective [/^-homomorphism 

(3.9) M±,a(tA) ^ L±,a(tA) (A G A+). 

Note that (13. 9p a split epimorphism of A-modules since A is PID, and 
-^±,a("FA)^, i^±,A(=FA)/x are torsion free finitely generated A-modules 
for each /i G A. 

Let M be a f/f'-module with weight space decomposition M = 
^^g^ such that is a free A-module of finite rank for any yU G A. 
We define a f/A-module M* by 

M* = 0HomA(M^,A) C HomA(M,A), 

where the action of is given by 

(um*, m) = (m*, {Su)m) {u G [/a , m* G M*, m e M). 

Here ( , ) : M* x M — )■ A is the natural paring. 
We set 

Mi,A(A) = (M^,a(-A))* (A G A), 

L^^JtA) = (L^,a(±A))* (AgA+). 

Then M^^^(A) for A G A and L^^^(=fA) for A G A+ are free A-modules 
satisfying 

F ®A Ml^iX) = My{X), ¥ ®A L^^iTX) = L^iTX)- 

Moreover, we can identify M^^(A) and L^^(=fA) with A-submodules 
of M^p(A) and L^]p.(=i=A) respectively. Under this identification we 
have 

(3.10) L^AiTX) = LI^AtX) n Mlj^iTX) (A G A+). 
In particular, the f/f-homomorphism 

(3.11) ^i,A(TA) ^ MIj,{tX) (A G A+). 
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is a split monomorphism of A-modules. 
By abuse of notation we write 

(3.12) <|.,:t/+-^M;^(A), VI/, : f/- ^ m;^(A) 

the isomorphisms of A-modules induced by (13. ip . By Lemma 13.1 1 we 
have the following. 

Lemma 3.5. (i) The U^-module structure of ^{X) is given by 

(3.13) h-^x{x) = xx+,{h)^x{x) (xef/+^,/iet/^'°), 

(3.14) v^x{x) = J2r^{x^o),Sv)^,ix^,)) (x E ,v e U^-), 

(x) 

(3.15) u ■ ^xix) = <^xik^xiad{u){kxxkx))k^x) {x EU^, uE f/^'+). 
(ii) The U^-module structure o/M^^(A) is given by 

(3.16) h-^xiy) = xx-,{h)^xiy) {yEU^^_^,hEUj:-'), 

(3.17) u-^x{y) = J2'^r4u,y^o))^x{yii)) {y E ,u E U^^), 

(y) 

(3.18) V ■ ^x{y) = ^x{kx{a.d{v){k^xyk^x))kx) {y ^U^^v^ U^'l- 

For A E A+ we define A-submodules U^{X), Uj[{X) of U^, re- 
spectively by 

f/+(A) = <^Z\{LIJ-X)), Uj^iX) = ^-x\L*_JX)). 
The embeddings 

(3.19) f/+(A)^f/+, [/-(A)^f/- (AgA+) 
are split monomorphisms of A-modules. By fl3.10p we have 

(3.20) t/+(A) = f/+(A)n[/+, U^{X) = U^iX)nU^ (AGA+). 
In particular, we have 

(3.21) f/+(A)cf/+(A + ^), f/^-(A)cf/^-(A + /x) (A,/iGA+), 

(3.22) Ul=J2 UlW, Ua = E (^)' 

AgA+ AeA+ 

(3.23) U^{X)k_2xCUj,j, k.2xUl{X) C Uaj (A G A+) 
by Lemma 13.31 and Lemma 13.41 

3.4. Let A G A. By abuse of notation we also denote by xx '■ U^'^ — > C 
the C-algebra homomorphism induced by xx '■ U^'^ — ?■ A. Then 
{Xa}aga is a linearly independent subset of the C-module Homc(t/^''^, C) 
For M E Mod(f/^^) and A G A we set 

Mx = {m E M \ km = Xx{h)m {h E f//"°)}. 
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For A G A we set 

M±,^(A) = C ®A M±,a(A), Ml^iX) = C ®A MIj,{X). 
For A G A"*" we set 

^±,c(tA) = C ®a i^±,A(TA), ^i,c(TA) = C ®A ^i,A(T^)- 
We have canonical t/^-homomorphisms 

(3.24) M±,^(tA) ^ L±,^(tA) (AgA+), 

(3.25) L^ci^X) ^ Ml^iTX) (A G A+). 

Note that (13.241) is surjective, and (13.251) is injective. 
For any A G A+ we have an isomorphism 

(3.26) A^{X) = L;^(A) 

of f/^-modules (see, for example, [20]). 

Let A G A. By abuse of notation we also denote by 

$A : ^ M;^^(A), : ^ M1^^{X) 

the isomorphisms of C-modules given by 

($A(x),t;) = T^{x,v) {xeU^,ve U^'-), 
{^xiy),S^) = \iu,y) {y G U^,u G f/^^'+). 

By Lemma [3.51 we have the following. 

Lemma 3.6. (i) The -module structure of M^^{X) is given by 

(3.27) h-<t>x{x)=xx+,{h)<l>x{x) (a; G f/+^, /i G f/^^'°), 

(3.28) v^xix) = J2^(i^(o),Sv)^xix^i)) (x e ,v e U^'-), 

(x) 

(3.29) u ■ ^xix) = ^xik^xis.d{u)ikxxkx))k^x) (x G f/+, u G U^'^). 
(ii) The U^-module structure of ^{X) is given by 

(3.30) h-^x{y) = xx-^,{h)^x{y) {yeU^^_^,heU^'''), 

(3.31) M-vI/,(y) = ^^rc(M,i/(o))vl/A(2/(i)) (y G t/^", m G f/^^'+), 

(3.32) V ■ ^a(i/) = ^A(A;A(ad(t;)(A;_Al/A;_A))A;A) {y E , v G U^'-)- 
For A G A+ we set 

[/+(A) = C ®A UliX), U^{X) = C ®A f/A (A)- 

Then U^{X) and ?7^(A) are the C-submodules of and t/^ respec- 
tively satisfying $_A(t/+(A)) = i^;,^(-A) and ^A(t/^"(A)) = ivl_^(A). 
We have linear isomorphisms 
(3.33) 

$_A:t/+(A)^L;^^(-A), ^x:UcW^L'L,c(^) (A G A+). 
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By (Km . (KTI\f . we have 

(3.34) f/+(A) C U+{\ + fi), U^{\) C U^{\ + fi) (A,/i G A+), 

(3.35) f/+ = f/+(A), = J2 UcW, 

AeA+ AeA+ 

(3.36) U^{X)k^2xCU^j, k.2xU^{X)cUA,f (A G A+). 
By (13.351) . (I3.36P we see easily the following. 

Lemma 3.7. For any u E Uc_ there exists some A G such that 

4. Induction functor 
4.1. Functors. We set 

Cf = C^/I, / = G Q I {cp, U^-") = {0}}. 

Then is a Hopf algebra and we have a Hopf paring 

{, } : X C. 
We have a canonical Hopf algebra homomorphism 

res : Q ^ Cf. 

Following Backelin-Kremnizer [2] we define abelian categories 
and A^^'' as follows. 

An object of is a triplet (M, a, P) with 

(1) M is a vector space over C, 

(2) a : (g) M M is a left Q-module structure of M, 

(3) /3 : M -> C=° ® M is a left C=°-comodule structure of M 
such that /9 is a morphism of C^-modules (or equivalently, a is a mor- 
phism of -comodules). A morphism from (M, a,/3) to {M',a',P') 
is a linear map (p : M ^ M' which is a morphism of C^-modules as 
well as that of C^r'^-comodules. 

An object of A^^'^ is a quadruple (M, a, (3, 7) with 

(1) M is a vector space over C, 

(2) a : Q (g) M M is a left C^-module structure of M, 

(3) 13 : M ^ Cf° (g) M is a left C=°-comodule structure of M, 

(4) 7 : M — )■ M (g is a right C^-comodule structure of M 

subject to the conditions that (M, a, (3) G A^^ , [3 and 7 commutes with 
each other, and 7 is a homomorphism of left C^-modules. A morphism 
from (M, a, /3, 7) to (M', a', /?', 7') is a linear map ip : M ^ M' which 
is compatible with the left C^-module structure, the left C^°-comodule 
structure and the right C^-comodule structure. 
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For a coalgebra C we denote by Comod(C) (resp. Comod''(C)) the cat- 
egory of left C-comodules (resp. right C-comodules). We define functors 

S : Ml'' Comod(C=°), 

T : Comod(C=°) ^ M'^'' 

by 

S(M) = {M e M \ 7(m) = m 1}, 
T(L) = C^0L. 
By Backehn-Kremnizer [2j we have 

Proposition 4.1. T/ie functor E : A^^'' Comod(Cp) gives an 
equivalence of categories, and its quasi-inverse is given by T. 

Remark 4.2. For M G A^^^ we have an isomorphism 

of vector spaces by Proposition 14. 1[ Here — )■ C is given by e. 
For A e A we define xf e C=° C Homc(f/^^'-°, C) by 

We define left exact functors 

(4.1) um* ■■ ^ ModA(A^), 

(4.2) Tm-Mc^ Mod(C) 
by 

iOM*{M) = 0(a;^,(M))(A) C M, 
AeA 

(wx*(M))(A) = {meM\ /3(m) = xf ®^}, 
r^(M) = {ujM*{M)m. 

We denote by Mod^^(y4(^) the category consisting of G ModA(^ij) 
equipped with a right C^-comodule structure 7 : — )■ A^®C^ such that 
7(A^(A)) C A^(A) (g) for any A G A and 'y{(pn) = A{<f)'y{n) for any 
V9 G and n G A^ (note that A(A^(A)) C A^(A) O Q). By definition 
(14. ip . (14. 2 p induce left exact functors 



(4.3) : ^ Modl''(Ac), 

(4.4) : Ml" Comod"(C^). 
We also define a left exact functor 

(4.5) Ind : Comod(C=°) -> Comod"(CJ. 
by Ind = P^ o T. 



The abelian categories M(, Ml'', Comod^(C() have enough injec- 
tives, and the forgetful functor Ml'' Mf^ sends injective objects to 
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r_yv(-accyclic objects (see Backelin-Kremnizer [2], 3.4]). Hence we have 
the following. 

Lemma 4.3. We have 

For o R'T^t =R"Tm o For : Mod(C), 

/2*IndoS =/?T^ : TWf ^ Comod"(Q). 

for any i, where For : Comod''(C^) — > Mod(C) and For : M.'^^ — )■ A^^ 
are forgetful functors. 

We define an exact functor 

(4.6) res : Comod'^(Q) ^ Comod(C=°) 

as follows. For V G Comod''(C^) with right C(^-comodule structure 
P : V ^ V ® Cq have res(V^) = as a C-module and the left 

C^°-comodule structure res(V") — t- C^^ ® res(l^) of res(l^) is given by 
= ^Vk®Vk =^ 7(t;) = ^res(5'~Vfc) ® ^fc- 

k k 

The following fact is standard. 

Lemma 4.4. For V e Comod'^(C(;), M e Comod(Cp) we have an 
isomorphism 

F : Ind(M) (^V ^ Ind(res(\/) ® M) 
of right Cc_-comodules given by 

where we write the right C(^-comodule structure ofV by 

V 3 V V(o) (g) f (1) eV (^C(;. 

(v) 

For A G A we denote by Cf = Clf° the object of Comod(C^°) cor- 
responding to the one-dimensional right ?7^'~°-module given by if "^"U = 
xf^{u)lf^ for u G U^'~^ . By definition we have an isomorphism 

Ind(c!°) ^ A^{X) (A G A+) 

of right C^-comodules. 

Let G ModA(^(). Then A^ turns out to be an object of 

Mc by 

aif ® (/' n) = //' ® n (/, /' g Q, n G AT), 

/3(/®n) = 5^res(/(o))xA®(/(i)®r2) (/ G n G Ar(A)). 
(/) 

Hence we have a functor ModA(y4^) — )■ A^^ sending A^ to A^. 
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Lemma 4.5. The functor Mod/<^{A(^) — t- A^<^ as above induces a functor 

$ : Mod(OBj ^ Mt;. 

Proof. It is sufficient to show Q y4^/A^(A + A+) = {0} for any 
A e A. Hence we have only to show C^y4^(A) = for any A G A"*". 
Take ip e A^^^X) such that e{^) = 1. We have A(v4^(A)) C A^{X) (g) 
and hence we can write A{ip) = J2i Vi ® v'i with ipi G ^((A), ip',i G Cq. 
Then we have ^^^.^(A) 3 Y^iiS^'^^'d^i = 1- □ 
We set 

m = uj* o um* ■■ Mc Mod(CBj. 
Backehn-Kremnizer [2j obtained the following result using a result of 
Artin-Zhang 

Proposition 4.6. The functor $ : Mod(Ci3j A^^ ^fzves an equiv- 
alence of categories, and its quasi-inverse is given by ^. Moreover, we 
have an identification 

um* o $ = : Mod(OBj ^ ModA(v4^). 

of functors. 

Hence we have the following. 
Lemma 4.7. We have 

R'T = R'Tm o $ : Mod(CijJ ^ Mod(C) 

for any i. 
We set 

Mod"'(Ce,) = Modl^(A^)/Modl^(A^) n TorA+(A^). 

Let G Mod^^(y4^). We denote the right C^-comodule structure of A^ 
by 7' : A^ — )■ A^ ® C^. Then we have a right C^-comodule structure 
7 : Q A^ -> A^) ® Q of A^ given by 

k k,{f) 

This gives a functor Mod^^(y4^) — )■ A^^'^. Hence by Lemma [4.51 we have 
a functor 

(4.7) : Mod^^iOe^) ^ A^f 

induced by $. Let M G A^^''. The right C^-comodule structure of M 
restricts to that of ijJm*M so that ujm*M G Mod^^(A^). Hence we have 
a functor 

(4.8) : Ml' ^ Mod^'iOB,) 
induced by \E'. By Proposition 14.61 we have the following. 

Proposition 4.8. The functor ^""^ : Mod'"^{Os^) M^'^ gives an 
equivalence of categories, and its quasi-inverse is given by 
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By Proposition 14.81 we see that fl4.ip . fl4.2p induce 

(4.9) ujl^ = ujZ. o : Mod'^iOB,) ^ Mod'^{A^), 

(4.10) r^<? = o ^^'i : Mod"'(CBj Comod"(Q). 
By Lemma [4.31 we have the following. 

Lemma 4.9. We have 

For o RT^'i = RT o For : Mod"'(OBj ^ Mod(C) 

for any i, whereFor : Comod''(C^) Mod(C) and For : Mod'"^{Oi3^) 
Mod((!?B^) are forgetful functors. 

5. Reformulation of Conjecture 12.141 

5.1. adjoint action of on D'^. Define a left L^p-module structure 
of Ef by 

ad(M)(P) = 5^n(o)P(5^i(i)) (u E U^, P E E^). 

in) 

Then we have 

ad(^i)(PiP2) = 5^ad(M(o))(Pi)ad(M(i))(P2) (Pi.Ps G ^f), 
(«) 

ad('u)(v9) = u - Lf (<yC G C -Ep), 

ad(M)(t;) = ^M(o)t;(5'M(i)) (t; G ^/f C ^^f), 

ad(M)(e(A)) = e{u)e{\) (A G A, e(A) G F[A] C Pf) 

for u G f/F. We see from |2Dl Lemma 4.2] that this induces a left U^- 
module structure of P^. Moreover, the [/p-module structures of Pf and 
P^ induce f/f'-module structures of Pa, P^, Pa,<>) -^a.O' -^aJ' -^a/ tiy 
Lemma 11.21 and Lemma I2.12[ Hence by specialization we obtain U^- 
module structures of P^, P^, P(^,o, -D^^^, Pf,/, -D^j also denoted by 
ad. 

5.2. We will regard P^,/,P^j G ModA(A^) as objects of Mod^W 
by the right C^-comodule structures induced from the left ?7^-module 
structures 

(m, P) h-> ad(M)(P) (m G f/f , P G P^j or D[j). 

Then for 

(S o (a;*P^-_^) G Comod(C=°) 

we have 

RV{uj*D[j) = R Ind((S o ^^1) {oj*D[j)) 
by Lemma 14.31 Lemma 14. 9[ and (14. lOp . 
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Define a right ® C [A]) -module V by 

\/ = (f/c,^®C[A])/X 

where 

X = {U^ n Ker(£))f/c,^C[A] + J](fc2A - e(2A))[/c,oC[A]. 

aga 

By the triangular decomposition ® f/°^ f/^ = f/^,^ we have 

V = U^® C[A] 

as a vector space. Define a right action of f/^'~° on f/^ <^ C[A] by 
(m® e(A)) 7^17 = ad(S'i;)(u) O e(A) (m G f/c,o, A G A,t; G f/^^-°). 

It induces a right action of U^'~^ on Moreover, we see easily that 

this right f/^'~°-module structure gives a left C^°-comodule structure 
of V. 

Proposition 5.1. We have 

(S o <|.^'?) {uj*D'^j) ^ V 

as a left C^^ -comodule. 
The proof is given in the next subsection. 

It follows from Proposition 15 . 1 1 that Conjecture 12. 141 is equivalent to 
the following conjecture. 

Conjecture 5.2. Assume £ > he- We have 

lnd{V)^Uu C[A], 

and 

R' lnd{V) = 

for i 7^ . 

Remark 5.3. We can show that 

Uu = (Cc)ad, V ^ ad(Cf ) ®C[2A] C[A], 

where (C^)ad (resp. ad{Cf^)) is given by the right (resp. left) adjoint 

coaction of (resp. C^^) on itself. Hence Conjecture 15.21 is equivalent 
to 

i?Ind(ad(C^f )) = (Cc)ad ®C[2A]^ C[2A]. 

The corresponding statement for g = 1 is 

i?Ind(adC[B-]) ^ C[Gl^ ^ciH/w] C[H]. 
We can prove this by a geometric method. 
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5.3. We will give a proof of Proposition 15.11 in the rest of this paper. 
By Remark 14.21 we have 

(S o $^5) iuj*Dlf) = C (S)A, D[j 

as a vector space, where — t- C is given by e. Note that 

We first show the following. 
Lemma 5.4. We have 

C = V. 

Proof. By fl2.1Up we obtain 

c = {Uc,o ® c[A])/ 5^ (1 ® ® C[A]), 

where is the image of in C(8>Aj-E'c,C> = ^c.^®*^[^]- Note 

that ^(^^(A)^) = {0} for A G A+, ^ G A with A ^ ^, and e(A^(A)A) = C 
for A G A+. Hence for ip G ^((A)^ with A G A+, ^ G A we have 



(A ^ 

si^) (A = 0- 



Let us also compute 1 ® (y^). Let 

be the composite of the linear isomorphism '■ {X) Ll^(A) 
(see fl3.33l) ) and an isomorphism / : L1^^(A) — )■ v4^(A) of f/^-modules. 
We have \^A(f^(^(A)-(A-^)) = ^c('^)€ ^'^^ ^ G A. Hence we may 
assume e = eo'^x on U^{X). Let ip G A(^{X)^ and take v G f^^(A)-(A-5) 
satisfying \1/a(^^) = V^- Then we have 

p 

= J2fiiSx^,)-^xiv))®y,kp^ 

V 

p 

= J2 C'^^''^^f{\{{Sxi)k^^, t^(o))^A(^^(i))) ® ypk^, 
p,(f) 

= C-^^''^^\iiSxi)k^^,v^o))^,{v^,)) ® y,k^^, 
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and hence 

p 
p 

= Y C^^^'^^'-r^ik-p^xi, S~'v)y,k^^k2^e{-2X) 
p 

= E C^^^'^^-^^^'^^^\{xi, S-\)y,kpMe{-2X) 
p 

= J2 C-^'-^'^^\ixi, S"'v)y,kx-ik2^e{-2X) 
p 

=C^>^-^^>^\S-h)k,_^k,^e{-2\) 

(note {S'^v)kx-^ G f/^(A)_(A-5)). It follows that 

-(;-i^-i^)(S-h)k,^^k2^ei-2\) (A^O 
^5(^)(l-fc2Ae(-2A)) (A = 0. 

Hence we have 

J2 E (l®^]'M)(f/c,^®c[A]) 

= E f>c"(A)-,(t/c,^®C[A])+ E(l-^2Ae(-2A))(f/c,^®C[A]) 

AeA+, AeA+ 

76Q+\{0} 

= {U^ n Ker(£))(f/c,^ ® C[A]) + E(^2A - e(2A))(f/c,^ ® C[A]) 

aga 

by flOHjl . □ 
Lemma 5.5. VFe /iave 

Proof. We need to show that the canonical homomorphism C 
D'^j — > C -^c,^ bijective. The surjectivity is a consequence of 
f l3!35p . fl3.36p . Let us give a proof of the injectivity. Set 

/C = Ai;U^jC[A] n J2 A^'iv)Uc,oC[A] C ® f/cj ® C[A]. 

Then it is sufficient to show that the natural map 

C ((^c ® f/c,/ ® C[A])//C) ^ (t/c,^ ® C[A])/X 



1 ® n'{ip) 
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is injective. Let F : (g) U(;j (g) C[A] U^;^^ C[A] be the natural 
map. Then it is sufficient to show 

(5.1) Xn (f/^,/®C[A]) C F(/C). 
Indeed, assume that (15. ip holds. Denote by 

p:A^® U^j ® C[A] C ((^c ® U^J ® C[A])//C), 
vr : [/^,^ ® C[A] ^ (f/c,^ ® C[A])/X 

the natural maps. We have to show Ker(7r o F) G Ker(p). Take x G 
Ker(7roF). Then F{x) G Zn{U^j^C[A]). Hence by (EI]) there exists 
some f G /C such that F{x) = F{v). Then p(x) = p{x — v) + p{v) = 
p{x — v). Hence we may assume that F{x) = from the beginning. 
Note that p factors through 

p' -.A^® U(;j ® C[A] ^ C (^c ® f^CJ ® C[A])(= f/^,/ ® C[A]). 

By F[x) = we have p'{x) = and hence p{x) = as desired. 

It remains to show (15.11) . Let A G A"*" and G A(^{X)\. Then we have 

^'iM = J2(yi ■ V)xp e ^cf^o ^2(^) = ¥'^2Ae(-2A). 
p 

Let us show 

(5.2) = J2iyi ■ e A^u^ix). 

p 

This is equivalent to 

Y^ivp ■ ® ^-x{xp) G ® ^;,c(-A). 

This follows from 

p p 

for u G U^~,i G /. (15. 2 p is verified. Hence we have 

n'{^)k-2x e /C. 

It follows that 

(5.3) F(/C) D (A;_2A - e(-2A))f/c,/C[A] (A G A+). 

Now let ?i G X n {Uf^j (g) C[A]). If we can show that k_2f,u G F(/C) for 
some /i G A+, then we obtain 

u = e(2/i)(e(-2/i) - k_2p)u + e{2^i)k^2pU G F(/C) 

by (15. 3p . Hence it is sufficient to show that for any m G X there exists 
some G A+ such that k-2p.u G FiJC). We may assume that there 
exists v E Q such that A;_2/iM = C^^''^'^uk^2iM for any fi E A. Therefore, 
we have only to show that for any u E X there exists some /i G A+ 
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such that uk_2fi € E{}C). By Lemma 15.41 we can take (fi G A^, Xj G 
U^^^ ® C[A] {i = l,...,N) such that 

N 

By Lemma 13.71 we can take /i G such that Q'{(fi)xik_2fi G ® 
[/^j ® C[A] for any i. Then we have 

N 

) e F(/C). 

□ 

By Lemma [5.51 we obtain an isomorphism 

of vector spaces. We need to show that it is in fact an isomorphism 
of left C^°-comodules. This is a consequence of the corresponding fact 
for E(;j. Note that we have 

C®Ac E^j = U<; J® C[A], 

and hence we have an isomorphism 

(5.4) (S o $•=9) {uj*E^j) ^ U^j ® C[A] 

of vector spaces. Hence we have only to show the following. 

Lemma 5.6. Under the identification fl5.4p the left C^^ -comodule struc- 
ture of U(^j ® C[A] is associated to the right U^'-^ -module structure 
given by 

{u®e{X))-v = 8.d{Sv){u) ® e{X) {u G U(;j,Xe A,f G f/^^'-°). 

Proof. Note that the left Cp-comodule structure of t/^j (g) C[A] is 
given by 

Uu ® C[A] = S(Q ® {U^j ® C[A])), 
where C(^®(f/^j(S)C[A]) is regarded as a left C^°-comodule by the tensor 
product of (with left C^°-comodule structure (res®l) o A : — > 

C^^ C^) and U(;j ® C[A] with trivial left C^'^-comodule structure. 
Hence it is sufficient to show that for a right C^-comodule M the right 
f/^'-°-module structure of 

M = S(Q ® M) G Comod((:7=°) 

is given by 

m ■ V = (Sv) ■ m (m G M, v G U^'~'^). 

Denote by M*^™ the trivial right C^-comodule which coincides with M 
as a vector space. We denote by M 3 m ^ m G M**"™ the canonical 
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linear isomorphism. We have Af*''™ G Comod''(C^) as the tensor 
product of e Comod"(Q) and M*"^ G Comod"(Q). We can also 

define a left C^°-comodule structure of Cc^®M^™ as the tensor product 
of the left C^°-comodules and M^""" where the left C^r^-comodule 
structure of M**^™ is given by the right f/^'~°-module structure 

m ■ V = (Sv) ■ m (m G M, v G f/^'~°). 
Then we have an linear isomorphism 

(m) 

preserving the right C^-comodule structures and the left C|^°-comodule 
structures. It follows that 

S(Q ®M)= H(Cc ® M*"") = M*"" G Comod(C=°). 

□ 

The proof of Proposition 15.11 is complete. 
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